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Abstract. We give a structure theorem for a ring homomorphism of a commutative regular Banach algebra into another commutative Banach algebra. In particular, it is shown that: (i) A ring homomorphism of a commutative C * -algebra onto another commutative C * -algebra with connected infinite Gelfand space is either linear or anti-linear. Let A and B be two commutative Banach algebras with Gelfand spaces Φ A and Φ B , respectively. Let ρ be a ring homomorphism of A into B such that {ρ(x) (ψ) : x ∈ A} = C, the complex field, ( * ) for each ψ ∈ Φ B (" " denotes the Gelfand transform). This, of course, holds if ρ is onto.
The purpose of this note is to show the following structure theorem of ρ applying the method which L. Molnar used in [5] to prove that a commutative semisimple Banach algebra which is the range of a ring homomorphism from a commutative C * -algebra must be C * -equivalent. 
B and for a certain discontinuous ring automorphism τ ψ of the complex field C.
Moreover, if ρ is surjective, thenρ is injective, and if A satisfies the following condition (#), thenρ(Φ 0 B ) is a finite set: (#) For any λ n ∈ C with |λ n |≤ 1/2 n (n = 1, 2, . . . ) and any sequence {ϕ 1 , ϕ 2 , . . . } in Φ A such that each ϕ n is an isolated point in {ϕ 1 , ϕ 2 , . . . }, there exists an element a ∈ A such thatâ(ϕ n ) = λ n (n = 1, 2, . . . ). 
and L p (G) (1 ≤ p < ∞, G a compact abelian group) are commutative regular Banach algebras which satisfy the condition (#). The details of these algebras can be seen just before Corollary 4. Now in order to prove the theorem, we have to prepare some lemmas.
is a closed algebra ideal of A.
Proof. We first show that ρ −1 (I) is norm-closed. To do this, let a be any element in the norm-closure of ρ −1 (I). We will show that
for all x ∈ A and ψ ∈ Φ B with I ⊆ Ker(ψ). Actually, for any arbitrary element x ∈ A, choose an element of y ∈ ρ −1 (I) such that ax − y < 1 since ax belongs to the norm-closure of ρ −1 (I), and define
We have zax − zy = z − (ax − y) and hence (ρ(z) + 1)ρ(a)ρ(x) − ρ(z) ∈ I. This implies easily that ρ(a) (ψ)ρ(x) (ψ) = 1 for all ψ ∈ Φ B with I ⊆ Ker(ψ). Let us show now that a ∈ ρ −1 (I). Suppose, on the contrary, that ρ(a) / ∈ I. Since I = I⊆Ker(ψ) Ker(ψ), there exists an element ψ 0 ∈ Φ B such that I ⊆ Ker(ψ 0 ) and ρ(a) (ψ 0 ) = 0. Then we can choose an element
since ρ satisfies the condition ( * ). But this contradicts (1) and then ρ −1 (I)
is norm-closed. We next show that ρ −1 (I) is an algebra ideal of A. To do this, let x ∈ ρ −1 (I) and λ ∈ C. Choose a sequence {α 1 , β 1 , α 2 , β 2 , . . . } of rational numbers such that lim n→∞ (α n + iβ n ) = λ. Then we have lim n→∞ α n x + iβ n x − λx = 0 and α n x, β n x ∈ ρ −1 (I) for each integer n ≥ 1. For any ψ ∈ Φ B with I ⊆ Ker(ψ), we have
and hence ψ(ρ(iβ n x)) = 0. Then ρ(iβ n x) ∈ I since I = I⊆Ker(ψ) Ker(ψ). Therefore we have α n x + iβ n x ∈ ρ −1 (I) for each integer n ≥ 1, and hence
Lemma 2. There exists a mappingρ of Φ
for every ψ ∈ Φ B and for a certain ring automorphism τ ψ of C.
Proof. Let ψ be any element of Φ B and define ρ ψ (a) = ρ(a) (ψ) for each a ∈ A. Then ρ ψ is a ring homomorphism of A onto C by the condition ( * ). Hence we can easily see that Ker(ρ ψ ) is a closed algebra ideal of A by applying the preceding lemma. From this, A/ Ker(ρ ψ ) is a unital commutative Banach algebra which is ring isomorphic to C. Then there exists an algebra homomorphism of A/ Ker(ρ ψ ) onto C, say η. Let ϕ be the composition map of the canonical map from A onto A/ Ker(ρ ψ ) and η. Then ϕ is an element of Φ A such that Ker(ρ ψ ) ⊆ Ker(ϕ). Since C is a simple ring and A/ Ker(ρ ψ ) is ring isomorphic to C, it follows that Ker(ρ ψ ) = Ker(ϕ). Setρ(ψ) = ϕ. Thenρ is a mapping of Φ B into Φ A and we have
for each a ∈ A, where the former is an algebra isomorphism and the latter is a ring isomorphism. Therefore a desired map τ ψ can be obtained as the above composition map from C onto itself.
Q.E.D.
Proof. Let ψ be any element of Φ B , {ψ λ } any net in Φ B which converges to ψ and U any open neighbourhood ofρ(ψ). Suppose that A is regular. Then we can find an element a of A such thatâ(ρ(ψ)) = 1 andâ = 0 on Φ A \U. By the preceding lemma, we have
Then there exists a λ 0 such that τ ψ λ (â(ρ(ψ λ ))) = 0, i.e.,â(ρ(ψ λ )) = 0 and soρ(ψ λ ) ∈ U for every λ ≥ λ 0 . This means lim λρ (ψ λ ) =ρ(ψ) and the proof is complete. Q.E.D.
Lemma 4. If ρ is surjective, thenρ is injective and condition ( * ) holds automatically.
Proof. Suppose that there exist two elements ψ 1 and ψ 2 in Φ B such that ψ 1 = ψ 2 andρ(ψ 1 ) =ρ(ψ 2 ) (≡ ϕ ∈ Φ A ). By Lemma 2, we have
for every a ∈ Ker(ϕ), and hence ρ(Ker(ϕ)) ⊆ Ker(ψ 1 ). Similarly we have ρ(Ker(ϕ)) ⊆ Ker(ψ 2 ) and so ρ(Ker(ϕ)) ⊆ Ker(ψ 1 ) ∩ Ker(ψ 2 ). But since ψ 1 = ψ 2 , it follows that Ker(ψ 1 ) ∩ Ker(ψ 2 ) Ker(ψ 1 ). Then we obtain
Also we have
ψ1 (0) = 0 for every a ∈ Ker(ρ). Therefore if ρ is surjective, then we have
{0} (by (2)).
But this is a contradiction since C is a simple ring and the proof is complete. Q.E.D.
We are now in a position to prove our main theorem.
Proof of Theorem 1. Let us consider the following three sets:
In this case, it is easy to see that
Moreover, by definition and Lemma 2, we have that for each a ∈ A, ρ(a) =â •ρ on Φ Assume now that A is regular. Thenρ is continuous on Φ B by Lemma 3. We shall show that Φ 1 B is closed in Φ B . To do this, let {ψ λ } be a net in Φ 1 B which converges to an element ψ ∈ Φ B . Then
for all a ∈ A. Therefore we have
for all a ∈ A. By the above fact and the condition ( * ), we have τ ψ (λ) = λ for every λ ∈ C. In other words, ψ ∈ Φ with ϕ n =ρ(ψ n ). Since each τ ψn is a discontinuous automorphism of C, it follows from [2, Theorem 2, p. 360] that τ ψn maps every disc onto an unbounded set and hence we can take a complex number λ n such that |λ n | ≤ 1 2 n and |τ ψn (λ n )| ≥ n. By the condition (#), there exists an element a ∈ A such thatâ(ϕ n ) = λ n for each integer n ≥ 1.
Therefore we have
for each integer n ≥ 1. On the other hand, we have
for each integer n ≥ 1. This is a contradiction. Q.E.D.
Corollary 1. Every ring homomorphism of a commutative C * -algebra onto another commutative C * -algebra with connected infinite Gelfand space is either linear or anti-linear.
Proof. Since every commutative C * -algebra is a regular Banach algebra which satisfies the condition (#), the corollary follows immediately from Theorem 1. Q.E.D.
Corollary 2. Every ring homomorphism of a commutative C
* -algebra onto another commutative C * -algebra whose Gelfand space has no isolated points is continuous.
Proof. Let A and B be two commutative C * -algebras and ρ a ring homomorphism of A onto B. Assume that the Gelfand space Φ B of B has no isolated points. By Theorem 1, we can find two clopen subsets Φ . Let ρ 1 (resp. ρ 2 ) be the composition map of the canonical map of B onto B/I 1 (resp. B/I 2 ) and ρ. Then it is easy to see that ρ 1 is an algebra homomorphism of A onto B/I 1 and ρ 2 is an anti-algebra homomorphism of A onto B/I 2 . Hence both ρ 1 and ρ 2 are continuous by the Johnson theorem [1] . On the other hand, observe that
for all a ∈ A. Therefore ρ must be continuous.
Proof. Choose a function f ∈ L 1 (R N ) such thatf (0) = 1 andf (ξ) = 0 for each ξ ∈ R N with ξ ≥ 1, wheref denotes the Fourier transform of f . For any fixed α > 0 and b ∈ R N , set
for each x ∈ R N , where b, x denotes the inner product of b and x. Then a simple calculation implies that f a,
Now to show that L 1 (R N ) satisfies the condition (#), let λ n ∈ C with |λ n | ≤ 1/2 n (n = 1, 2, . . . ) and {ξ 1 , ξ 2 , . . . } ⊆ R N such that each ξ n is an isolated point in {ξ 1 , ξ 2 , . . . }. Set
Then all α n are positive numbers since each ξ n is an isolated point in {ξ 1 , ξ 2 , . . . }. Consider the following function g(x) on R N defined by [4, p. 92] ). Let G be a compact abelian group and 1 ≤ p < ∞. Then the L p -space L p (G) on G becomes a semisimple commutative Banach algebra under convolution and its Gelfand space is homeomorphic to the dual group of G (cf. Larsen [3, p. 250] ). Let S be a set and 1 (S) the family of all complex-valued functions f on S such that f 1 = s∈S |f (s)| < ∞. Then 1 (S) becomes a semisimple commutative Banach algebra under the pointwise operations and the norm f 1 and its Gelfand space is homeomorphic to S endowed with the discrete topology (cf. [6, p. 611] ).
For these algebras, we have the following result which is similar to Molnar's result [5, Corollary] which asserts that the group algebras L 1 (R), L 1 (T ) and the disc algebra A(D) are not ring homomorphic images of commutative C * -algebras. Proof. Let A be one of the Banach algebras 1 (S) and L p (G), and let B be one of the Banach algebras C n ([a, b]), L 1 (R N ) and A(D). Then A is a commutative regular Banach algebra which satisfies the condition (#). Also the Gelfand space of B is a connected infinite set. Assume that there exists a ring homomorphism of A onto B, say ρ. Then by Theorem 1, ρ is either linear or anti-linear and hence continuous. This implies that Φ A/ Ker(ρ) is homeomorphic to Φ B . But since Φ A is a discrete space, it follows that Φ A/ Ker(ρ) is also a discrete space. This is a contradiction.
